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HOMOGENEOUS ALMOST COMPLEX MANIFOLDS AND
THEIR COMPACT QUOTIENTS
KANG-TAE KIM, KANG-HYURK LEE AND YOSHIKAZU NAGATA
Abstract. This paper investigates the (non)existence of compact quotients of
the homogeneous almost-complex strongly-pseudoconvex manifolds discovered
and classified by Gaussier-Sukhov [1, 2] and K.-H. Lee [3, 4].
1. Introduction
Let M be an almost complex manifold of real dimension 2m, m ≥ 1, with
an almost complex structure J . It is said to be modeled after bounded strictly
pseudoconvex domains, if the following two properties hold:
(1) M is J-holomorphically equivalent to a subdomain of another almost com-
plex manifold with its Levi form (cf. Section 2) at every boundary point
positive-definite, and
(2) M is Kobayashi hyperbolic.
It was generally believed for some time that, if one further assumes for it to be
homogeneous, meaning that the action by the group Aut(M,J) of all J-holomorphic
diffeomorphisms of M into itself is transitive, then the almost complex structure
should be integrable, and consequently—due to the well-known theorem by Wong
and Rosay—the complex manifold (M,J) would have to be biholomorphic to the
unit ball Bm in Cm.
While such belief was justified in the case of m ≤ 2 by Gaussier and Sukhov
[1, 2], they in contrast showed that there exists an example indicating that it is not
the case if m > 2. Then the second named author of this article classified all such
manifolds for every m ≥ 3 in [3, 4] (cf. Theorem 2.1). It has turned out that there
are infinitely many such examples, J-holomorphically inequivalent to each other.
Upon such observation, there arises a natural question whether the homogeneous
manifolds (noncompact) obtained here would admit a compact quotient by a dis-
crete subgroup. This question was asked to the first named author several different
times by many prominent mathematicians, from at least 10 years ago, when he
gave lectures explaining this line of research at the institutions including l’E´cole
Polytechnique de Palaiseau of France, Peking University of China, the Korea Insti-
tute for Advanced Study (Seoul) of Korea, and other places. It is our pleasure to
acknowledge our indebtedness.
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The purpose of this article is, indeed, to provide the answer—negative, however.
Deferring the introduction of terminology and necessary definitions to the later
sections, we present our results first.
Theorem 1.1. Let Ω be an open connected subset of an almost complex manifold
(M,J) of real dimension 2m with C2 smooth strictly pseudoconvex boundary. If
there exists a discrete subgroup Γ of the automorphism group Aut(Ω, J) such that
Ω/Γ is compact, then (Ω, J) is biholomorphic to the standard unit ball in Cm.
From here on, open connected subsets of a manifold will be called domains, as
usual. Now, notice that Theorem 1.1 implies, according to the discussion above,
the following result concerning the nonexistence of compact quotients.
Theorem 1.2. If Ω is a homogeneous domain with C2 smooth strictly pseudoconvex
boundary in an almost complex manifold (M,J) of real dimension 2m whose J-
structure is non integrable, then (Ω, J) does not admit any compact quotient by any
discrete subgroup of Aut(Ω, J).
We remark that these theorems are significant especially for the case m ≥ 3.
2. Model manifolds/domains
For a domain Ω in (M,J), any C∞ smooth diffeomorphism ψ : Ω → Ω is called
a J-holomorphic automorphism if J ◦ dψ = dψ ◦ J . (More generally, a smooth
map f : (M,J)→ (M˜, J˜) between two almost complex manifolds is called pseudo-
holomorphic or, more precisely, (J, J˜)-holomorphic if J˜ ◦ df = df ◦ J holds.) Such
automorphisms form a topological group, denoted by Aut(Ω, J) under the law of
composition endowed with the compact-open topology.
Moreover, if the boundary ∂Ω of Ω is C2 smooth, then the implicit function
theorem implies that for every boundary point p there are an open neighborhood
V of M and a C2 function ρ : V → R such that Ω ∩ V = {z ∈ V : ρ(z) < 0} and
that dρ(q) 6= 0 for any q ∈ ∂Ω ∩ V . Such ρ is called a local defining function.
For a 1-form ω, the dual J∗ of J is defined by (J∗ω)(v) = ω(Jv). Then the Levi
form of ρ is defined to be
Lρ(v, w) := −d(J∗dρ)(v, Jw).
Then we say that Ω is strictly J-pseudoconvex at p ∈ ∂Ω if Lρ(v, v) > 0 for every
nonzero vector v ∈ Tp∂Ω ∩ JTp∂Ω.
Now write m = n + 1 ≥ 1, let z0, z1, . . . , zn represent the standard coordinate
functions of Cm = Cn+1, and denote by z′ = (z1, . . . , zn) the standard coordinate
system of Cn.
For a mapping φ to Cn+1, denote by φ0 = z0 ◦ φ and φ′ = z′ ◦ φ, and hence
φ = (φ0, φ′). Greek indices α, β, . . . run from 1 to n and the summation convention
is always assumed: Nαβzβ =
∑n
β=1Nαβzβ, for instance. We also put bar on the
indices to denote the complex conjugation of the corresponding tensor coefficients
such as: Nα¯β¯ = Nαβ , Aα¯β¯ = Aαβ .
Let H = {(z0, z′) ∈ C × Cn : Re z0 + ‖z′‖2 < 0} be the Siegel half space. But
we shall endow an almost complex structure potentially different from the standard
integrable one.
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For each n × n skew-symmetric matrix N = (Nαβ), define the almost complex
structure JN of C
n+1 by
JN = i
∂
∂z0
⊗ dz0 +
(
i
∂
∂zα
+ 2Nαβzβ ∂
∂z0¯
)
⊗ dzα
− i ∂
∂z0¯
⊗ dz0¯ +
(
−i ∂
∂zα¯
+ 2Nα¯β¯zβ¯
∂
∂z0
)
⊗ dzα¯ .
Note that the almost complex structure JN is integrable if and only if N = 0.
Then the following characterization of the strictly J-pseudoconvex domains with
an automorphism orbit accumulating at a boundary point has been established
earlier, by the second named author of this article:
Theorem 2.1 ([4]). If (Ω, J) is a domain in an almost complex manifold (M,J)
with C2 smooth strictly pseudoconvex boundary point q ∈ ∂Ω such that there are
a point p ∈ Ω and a sequence of J-automorphisms ϕj ∈ Aut(Ω, J) satisfying
lim
j→∞
ϕj(p) = q, then (Ω, J) is (J, JN )-biholomorphic to one of (H, JN ).
Remark 2.2. Every (H, JN ) is homogeneous, as one sees in the next section.
3. Automorphisms of (H, JN )
Note that, due to the preceding discussion, the proof of Theorem 1.1 reduces
to demonstrating the (non)existence of the compact quotients for the domains
(H, JN ), called the model domains in [3, 4].
There are four types of automorphisms generating the automorphism group of
the model domain (H, JN ) for N 6= 0:
(1) R-action: For each s ∈ R,
Ts = (z0 + is, z′) ∈ Aut(H, JN ) .
(2) Cn-action: For each w′ ∈ Cn, let us define
hw′(z
′) = −‖w′‖2 − 2 〈z′, w¯′〉+ i(Nαβzαwβ +Nα¯β¯zα¯wβ¯) .
Here 〈 · , · 〉 is the standard hermitian product of Cn: 〈z′, w¯′〉 = δαβ¯zαwβ¯ .
Then (Cn,+) can be embedded into Aut(H, JN ) by
w′ 7−→ Hw′ = (z0 + hw′(z′), z′ + w′) ∈ Aut(H, JN ) ,
since Hw′ ◦ Hv′ = Hw′+v′ for any w′, v′ ∈ Cn.
We remark in passing that the subgroup generated by Hw′ and Ts is in fact
isomorphic to the Heisenberg group.
(3) Dilation: For each t > 0, we have
Dt = (tz0, t1/2z′) ∈ Aut(H, JN ) .
(4) Isotropy: Let UN be the set of n× n complex matrices A = (Aαβ ) with
δαβ¯ = A
µ
αδµν¯A
ν¯
β¯ and Nαβ = AµαNµνAνβ ,
i.e., I = AtA and N = AtNA. Then UN can be realized as a compact sub-
group of the unitary group U(n) which can be embedded into Aut(H, JN )
via
A 7−→ RA = (z0, Az′) ∈ Aut(H, JN ) .
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Then we have:
Theorem 3.1 ([4]). For each φ ∈ Aut(H, JN ) with N 6= 0, there is a unique choice
for t > 0, s ∈ R, w′ ∈ Cn and A ∈ UN such that
φ = Ts ◦ Hw′ ◦ Dt ◦ RA =
(
tz0 + hw′(z
′) + is, t1/2Az′ + w′
)
.
4. Discrete subgroups and the limit sets
In this section, we consider only the case N 6= 0.
Definition 4.1. Let H be a subgroup of the automorphism group Aut(H, JN ). By
the limit set of H we mean the set Λ(H) of all accumulation points of the orbits
by H . Here, the limit set may contain the points at infinity.
Suppose that Γ is a discrete subgroup of Aut(H, JN ). The aim of this section is
to analyze the limit set Λ(Γ), which will eventually lead us to the proof of Theorem
1.1.
Choose φν ∈ Γ and write
φν(z) =
(
tνz
0 + hw′
ν
(z′) + isν , t
1/2
ν Aνz
′ + w′ν
)
for some tν > 0, sν ∈ R, w′ν ∈ Cn and Aν ∈ UN .
For p = (p0, p′) ∈ H, we assume that φν(p) → (q0, 0′) as ν → ∞, where q0 ∈
{is : s ∈ R} ∪ {∞}. Since Aν is an element of the compact group UN , we may
assume that Aν → A∞ in UN . We may assume that tν converges in [0,+∞], and
also sν in [−∞,+∞], respectively. Note that w′ν can also be assumed to converge
in the one-point compactification of Cn.
Case (1): ‖w′ν‖ → ∞. Since t1/2ν Aνp′ + w′ν → 0′ ∈ Cn and Aν → A∞, we have
tν →∞ and t−1/2ν w′ν → −A∞p′. Let us consider
Reφ0ν(p) = tνRe p
0 − ‖w′ν‖2 − 2Re 〈p′, w¯′ν〉
= tν
(
Re p0 −
∥∥∥t−1/2ν w′ν∥∥∥2 − 2Re 〈t−1/2ν p′, t−1/2ν w¯′ν〉
)
.
Since Re p0 −
∥∥∥t−1/2ν w′ν∥∥∥2 − 2Re 〈t−1/2ν p′, t−1/2ν w¯′ν〉 → Re p0 − ‖p′‖2 < 0, we have
φ0ν(p)→∞. Thus the accumulating point is (∞, 0′).
Case (2): w′ν → w′∞ 6= 0′. Since t1/2ν Aνp′+w′ν → 0′ ∈ Cn and Aν → A∞, we have
tν → t > 0. If sν → s ∈ R, then
φν(z) =
(
tνz
0 + hw′
ν
(z′) + isν , t
1/2
ν Aνz
′ + w′ν
)
−→ φ(z) =
(
tz0 + hw′
∞
(z′) + is, t1/2A∞z
′ + w′∞
)
∈ Aut(H, JN ) .
This is a contradiction to the discreteness of Γ. Hence |sν | → ∞ so that the
accumulation point is (∞, 0′) only.
Case (3): w′ν → 0′. Suppose that tν does not converge to 0. If p′ 6= 0′, then tν → 0
because t
1/2
ν Aνp
′ + w′ν → 0′ ∈ Cn. Thus we must have p′ = 0′ and Re p0 < 0.
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If tν →∞, then
Reφ0ν(p) = tνRe p
0 − ‖w′ν‖2 − 2Re 〈p′, w¯′ν〉 = tνRe p0 − ‖w′ν‖2
and this implies that Reφ0ν(p)→ −∞. So the accumulation point is (∞, 0′).
If tν → t > 0, by the same argument as in Case (2) |sν | → ∞. Thus the
accumulation point is (∞, 0′).
It remains to analyze the case of tν → 0. For this purpose, we pose the following
Lemma 4.2. Let Γ be a discrete subgroup of Aut(H, JN ). If there is φ ∈ Γ of the
form φ(z) =
(
tz0 + is, t1/2Az′
)
for some t < 1, then each ψ ∈ Γ is of the form
ψ(z) =
(
az0 + ib, a1/2Bz′
)
with
b
1− a =
s
1− t .
Postponing the proof of this lemma to the end of this section, we continue ana-
lyzing the accumulation points.
Assume that tν → 0 as ν →∞. Then fix φm such that tm < 1 and, consequently,
I − √tmAm is invertible. From now on, we simply denote by t = tm, s = sm,
w′ = w′m, A = Am and put ζ
′ = (I −√tA)−1w′ and γ = Hζ′ ◦ Dt ◦ RA. Thus we
have
γ′(z′) = t1/2Az′ + ζ′
(γ−1)′(z′) = t−1/2A−1(z′ − ζ′),
which immediately implies
(4.1) γ−1 ◦ φm ◦ γ(z) =
(
tz0 + is˜, t1/2Az′
)
,
for some s˜ ∈ R. For general integer values of ν, it follows that
(γ−1 ◦ φν ◦ γ)′(z′) = (γ−1)′ ◦ φ′ν ◦ γ′(z′)
= t1/2ν A
−1AνAz
′ + t−1/2t1/2ν A
−1Aνζ
′ + t−1/2A−1w′ν − t−1/2A−1ζ′.
Since γ−1 ◦ φm ◦ γ is of the same form as φ in Lemma 4.2, we obtain, as far as the
element γ−1 ◦ φν ◦ γ of the discrete group γ−1Γγ is concerned, that
(γ−1 ◦ φν ◦ γ)′(z′) = t1/2ν Cνz′,
where Cν = A
−1AνA. Now we have
(φν)
′(z′) = γ′ ◦ (γ−1 ◦ φν ◦ γ)′ ◦ (γ−1)′(z)
= t1/2ν ACνA
−1z′ − t1/2ν ACνA−1ζ′ + ζ′ −→ ζ′
as ν → ∞ for any z′ ∈ Cn. Since (φν)′(p′) → 0′ as ν → ∞, it follows that ζ′ = 0,
which in turn implies w′ = w′m = 0. Thus φm(z) = (tz
0 + is, t1/2Az′) with t < 1.
Applying Lemma 4.2 again for φ = φm, each ψ ∈ Γ is of the form
ψ(z) =
(
az0 + ib, a1/2Bz′
)
with
b
1− a =
s
1− t .
Especially,
φν(z) =
(
tνz
0 + isν , t
1/2
ν Aνz
′
)
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where
sν
1− tν =
s
1− t .
for any ν. Thus
sν =
s(1− tν)
1− t −→
s
1− t
so
φν(z) =
(
tνz
0 + isν , t
1/2
ν Aνz
′
)
→ (is/(1− t), 0′).
Since s/(1− t) is an invariant of Γ, the accumulation point should be (is/(1− t), 0′)
when w′ν → 0′ and tν → 0.
Proof of Lemma 4.2. Since φ−1(z) =
(
t−1z0 − t−1is, t−1/2A−1z′), we have
φk(z) =
(
tkz0 + isσk, t
k/2Akz′
)
φ−k(z) =
(
t−kz0 − ist−kσk, t−k/2A−kz′
)
where φk is the k-th iteration of φ and φ−k = (φk)−1 and
σk = 1 + t+ · · ·+ tk−1 .
Take ψ ∈ Γ and let
ψ(z) =
(
az0 + hv′(z
′) + ib, a1/2Bz′ + v′
)
Then
φk ◦ ψ ◦ φ−k(z)
=
(
az0 + i
(
(1− a)sσk + tkb
)
+ tkhv′(t
−k/2A−kz′), a1/2AkBA−kz′ + tk/2Akv′
)
.
Since tkhv′(t
−k/2A−kz′)→ 0 as k →∞, φk ◦ ψ ◦ φ−k subsequentially converges to
some ψ˜ ∈ Γ of the form
ψ˜ =
(
az0 + (1− a)isσ, a1/2A˜BA˜−1z′
)
where σ = limσk = 1/(1− t). Since Γ is discrete, we conclude that v′ = 0 and
(1− a)sσk + tkb = (1− a)sσ
for infinitely many k. Thus
b
1− a =
1
tk
s(σ − σk) = sσ = s
1− t .
This completes the proof. 
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5. Proof of Theorems 1.1 and 1.2
Let Γ be a discrete subgroup of Aut(Ω, J) with Ω/Γ compact. Then there ex-
ists a (finite) boundary point at which the orbit of Γ accumulates. By Theorem
2.1, Ω is biholomorphic to a model (H, JN ), say, that is homogeneous and com-
plete Kobayashi hyperbolic. Suppose now that Ω, or equivalently (H, JN ), is not
biholomorphic to the standard unit ball of Cm.
According to the arguments of Section 4 above, the set Λ(Γ)∩ (C×{(0, . . . , 0)})
consists of at most two elements: the extended boundary point (∞, 0, . . . , 0), or the
boundary point of type (a, 0, . . . , 0) for some a ∈ C. Suppose that (H, JN ) admits
a compact quotient by a discrete group Γ, say. Then, since (H, JN ) is complete
Kobayashi hyperbolic, we must have
Λ(Γ) ∩ (C× {(0, . . . , 0)}) = ∂H ∩ (C× {(0, . . . , 0)}) = R× {(0, . . . , 0)},
which cannot coincide with any two element set. This yields the proof of Theorems
1.1 as well as 1.2. 
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